W e describe an exact algorithm for the problem of sorting a permutation by the minimum number of reversals, originating from evolutionary studies in molecular biology. Our approach is based on an integer linear programming formulation of a graph-theoretic relaxation of the problem, calling for a decomposition of the edge set of a bicolored graph into the maximum number of alternating cycles. The formulation has one variable for each alternating cycle, and the associated linear programming relaxation is solved by column generation.
W e describe an exact algorithm for the problem of sorting a permutation by the minimum number of reversals, originating from evolutionary studies in molecular biology. Our approach is based on an integer linear programming formulation of a graph-theoretic relaxation of the problem, calling for a decomposition of the edge set of a bicolored graph into the maximum number of alternating cycles. The formulation has one variable for each alternating cycle, and the associated linear programming relaxation is solved by column generation.
A major advantage with respect to previous approaches is that the subproblem to face in the column-generation phase no longer requires the solution of min-cost general matching problems, but of min-cost bipartite matching problems. Experiments show that there is a tremendous speed-up in going from general matching to bipartite matching, although the best-known algorithms for the two problems have the same theoretical worst-case complexity. We also show the worst-case ratio between the lower bound value obtained by our new method and previous ones.
We illustrate the effectiveness of our approach through extensive computational experiments. In particular, we can solve to proven optimality the largest real-world instances from the literature in a few seconds, and the other (smaller) real-world instances within a few milliseconds on a workstation. Moreover, we can solve to optimality random instances with n = 100 within 3 seconds, and with n = 200 within 15 minutes, where n is the size of the permutation, whereas the size of the instances solvable by previous approaches was at most 100. We also describe a polynomial-time heuristic algorithm that consistently finds solutions within 2% of the optimum for random instances with n up to 1000. (Programming, Integer, Algorithms; Programming, Integer, Applications; Networks-Graphs, Matchings; Analysis of Algorithms) 
Introduction
Many among the most effective approaches to solve combinatorial optimization problems are based on the definition of an integer linear programming (ILP) formulation and the solution of the associated linear strong IIP formulations. In some relevant cases, the only way to come up with such formulations is to have a very large (typically exponential in the size of the problem instance) number of constraints or variables in the model: The branch-and-cut (Padberg and Rinaldi 1991) and branch-and-price (B&P) (Barnhart et al. 1998 ) methodologies were specifically developed to handle these cases. Still, for many important problems in combinatorial optimization, no strong ILP formulation is known, and the most effective methods to tackle these problems rely on lower-bounding procedures and heuristic algorithms based on combinatorial considerations. It is common belief that the derivation of a strong ILP formulation (if any exists) for these problems would lead to a significant increase in the size of the instances solvable to proven optimality within reasonable computing time. Notable examples of this situation are most scheduling problems, in particular all the problems in the Shop family (Lawler et al. 1993) .
In this paper we describe a successful ILP-based approach to the solution of a problem that apparently does not have any strong ILP formulations. A main ii-ie>3 e\t thn simiri"»3i"if» ic pnf fn intjitif in fnrrnulatino' rr *-~---o the original problem itself as an ILP, but to work with a (natural) ILP formulation of a combinatorial relaxation. We show how a B&P algorithm for this relaxation can easily be adapted to yield an effective exact algorithm for the original problem. B&P approaches deal with the case in which the strong ILP formulations used have exponentially many variables, handling their LP relaxations by column-generation techniques. A typical drawback of this approach is that an upper bound on the integer optimum is available only at the end of the procedure, namely when none of the variables has positive reduced cost, supposing the ILPs (and LPs) to be solved are in maximization form. (In fact, the process can be stopped slightly earlier (Farley 1990) , but this does not change the situation substantially.) Hence, in order to get an upper bound, the column-generation problem is typically solved "exactly" a few times during the solution of the LP since, if no heuristic method is able to find a variable with positive reduced cost, one has to guarantee in some way that no such variable exists. This is clearly a drawback if the columngeneration problem is NP-complete (see e.g. Vance et al. 1994, Merhotra and Trick 1996) , as one has to resort to enumerative methods, and may turn out to be inconvenient also when the latter problem can be solved in polynomial time.
In our case, the column-generation problem for the LP relaxation of the ILP formulation mentioned above requires solving one or more (nonbipartite) min-cost perfect matching problems, as shown in Caprara et al. (1999a) , and the solution of these matching problems turns out to be the computational bottleneck of the overall method. To overcome this drawback, we propose a novel "heuristic" approach to the columngeneration problem, which considers an enlarged set of variables. The definition of this enlarged set is inspired by the availability of an effective procedure to generate variables in this set. Namely, instead of solving some (nonbipartite) matching problems, we can solve some bipartite min-cost perfect matching problems, which requires a much smaller computing time in practice. The whole B&P approach works because the "new" variables in the formulation can take only fractional values when they are positive, and hence are forced to be 0 in any integer solution.
We deal with the problem of sorting a permutation by reversals (SBR), which is defined as follows. Let 77 = (TTJ ... 77n) be a permutation of {1,...,«}, and denote by L the identity permutation (1 2 ... n -I n SBR originates from the problem of computing the evolutionary distance between two different genomes in computational molecular biology. In this case, a permutation may represent the linear order of a set of genes along a specific chromosome or of a set of markers along mitochondrial DNA. Looking at whole genomes has many advantages over comparing actual nucleotide sequences. In fact, it is often found that the order and number of genes is preserved far more INFORMS JOURNAL ON COMPUTING/Vol. 13, No. 3, Summer 2001 225 easily than their content, i.e., the DNA sequence (see Franklin 1985 , Watterson et al. 1982 . For this reason, modern evolutionary studies in molecular biology are based on analyzing large-scale rearrangements that may turn a genome into another, such as inversions, transpositions, deletions, insertions and duplications of DNA fragments. These genomic rearrangements are relatively rare events. Furthermore, inversions are the most frequent among them. Therefore SBR, which amounts to determining the minimum number of inversions that must have occurred in the evolution from a genome into another, is particularly relevant in evolutionary studies (see Sankoff et al. 1992 , Sankoff 1993 .
Let the order of the genes in two homologous chromosomes of different organisms with n genes be represented by two permutations TT and T of {1,... ,n\. An inversion of the segment comprising the genes from the f'th to the /th corresponds to a reversal of the interval (i, j), A shortest sequence of reversals needed to transform 17 into T is then clearly equal to an optimal solution of SBR on TT~IT, where TT~I denotes the inverse permutation, defined by TT~I :=i for i = \,... ,n.
With the more general aim of reconstructing an evolutionary tree (see e.g. Sankoff et al. 1996) , SBR may be the subproblem to be solved to evaluate the distance between two species in the tree. In this respect, it would be convenient to have very fast (in practice) algorithms to solve it.
SBR has been widely studied in recent years by, among others, Sankoff (1994, 1995) , Bafna and Pevzner (1996) , Hannenhalli and Pevzner (1996, 1999) , Caprara et al. (1999a) , Berman and Hannenhalli (1996) , Irving and Christie (1995) , Tran (1997) , Kaplan et al. (2000) , Caprara (1999a Caprara ( , 1999b , Christie (1998) , Karpinski (1998), and Rizzi (2001) . Most of these papers deal with the complexity and theoretical approximability of the problem. In particular, SBR was shown to be NP-hard in Caprara (1999b) and APXhard in Berman and Karpinski (1998) (a problem is APX-hard if it does not have a polynomial-time approximation scheme unless P = NP). References Kececioglu and Sankoff (1995) , Bafna and Pevzner (1996) and Christie (1998) present, respectively, polynomial-time 2-approximation, ^-approximation, and |-approximation algorithms, whereas Caprara and Rizzi (2001) presents a g + e-approximation algorithm for "almost all" instances of SBR.
SBR was one of the main problems for the DIMACS Implementation Challenge in 1995 (FarachColton et al. 1999) . The exact solution of realworld and randomly-generated instances of the problem is reported in Kececioglu and Sankoff (1995) , Hannenhalli and Pevzner (1996) , and Caprara et al. (1999a) . Here we present an exact B&P algorithm that widely outperforms these previous approaches and is capable of solving the largest real-world instances from molecular biology.
The paper is organized as follows. In Section 2 we survey known results in the literature, describing the combinatorial relaxation of SBR and the associated (natural) ILP formulation, as well as how to get a B&P algorithm for SBR that works with the LP relaxation of this formulation. Section 3 explains our columngeneration scheme on an enlarged set of variables. Section 4 illustrates a few implementation issues that we introduced in order to speed up the solution of the above LP and quickly find a feasible solution very close to the optimum. Filially, in Section 5 we present computational results on both real-world instances and other instances from the literature, that show the effectiveness of our approach. In particular, we can solve to proven optimality the largest realworld instances from the literature in a few seconds, and the other (smaller) real-world instances within a few milliseconds on a workstation. Moreover, we can solve to optimality random instances with n = 100 within 3 seconds, and with n = 200 within 15 minutes, where n is the size of the permutation, whereas the size of the instances solvable by previous approaches was at most 100. We also describe a polynomial-time heuristic algorithm that consistently finds solutions within 2% of the optimum for random instances with n up to 1000.
For further details, we refer the interested reader to Caprara et al. (1999a) or to the original technical report Caprara et al. (1999b) .
After unsuccessful attempts to find a reasonable ILP formulation for a combinatorial optimization problem, it is natural to start looking for combinatorial relaxations in order to find bounds on the optimal solution value. A very elegant graph-theoretic relaxation for SBR was introduced by Bafna and Pevzner (1996) and Kececioglu and Sankoff (1995) .
Consider a permutation 77 = (TT, ... irn) of {!,..., n}. Throughout the paper, n will denote the number of elements of the permutation TT considered. Following the description in Bafna and Pevzner (1996) An alternating-cycle decomposition of G(TT) is a collection of edge-disjoint alternating cycles, such that every edge of G is contained in exactly one cycle of the collection. It is easy to see that G(TT) always admits an alternating-cycle decomposition (recalling that an alternating cycle is allowed to visit the same node twice). In the graph of Figure 1 , alternating cycles (0,4), (4,3), (3,1), (1,0) and (4,2), (2,3), (3,5), (5,4) form an alternating-cycle decomposition. Let C(TT) be the maximum cardinality of an alternatingcycle decomposition of G(TT). Bafna and Pevzner (1996) (see also Kececioglu and Sankoff 1995) proved the following property THEOREM 1. For every permutation TT, d(ir) 
Therefore &(TT) -C(TT) gives a valid lower bound on the optimal solution value of SBR. Moreover, as shown in Caprara (1999a) , d(Tr) = b(ir) -C(TT) for "almost all" permutations TT. The above discussion motivates the study of the alternating-cycle decomposition (ACD) problem, which calls for a maximumcardinality alternating-cycle decomposition of G(TT).
From a complexity point of view, all the negative results for SBR apply to ACD as well, in particular the latter is NP-hard (Caprara 1999b) . On the other hand, from a practical point of view, the great advantage of dealing with ACD instead of SBR is the fact that the former has a strong, natural FLP formulation with one variable for each alternating-cycle of G(w), which was proposed in Kececioglu and Sankoff (1995) and Caprara et al. (1999a 
Constraints (2) ensure that each edge in £ is contained in at most one cycle C such that xc = I. As the removal of edges in an alternating cycle in a breakpoint graph yields a graph in which each node is incident with the same number of black and grey edges, any maximal solution of (l)-(3) will satisfy all constraints (2) at equality. Therefore, in an optimal solution x* to (l)-(3), the set of cycles C such that x*c = I defines an optimal ACD solution. THEOREM 2. LP (1), (2) and (4) can be solved in polynomial time.
The algorithm presented in Caprara et al. (1999a) to solve the column-generation problem computes up to n -f1 min-cost perfect matching problems in a suitably-defined (nonbipartite) graph. As this turns out to be computationally very expensive in practice, within the approach presented here we will solve a "relaxed" column-generation problem by bipartite matching, as illustrated in Section 3.
A B&P algorithm for ACD follows immediately from formulation (l)-(3), as discussed below. In particular, a main issue to be addressed in B&P algorithms is the definition of a branching rule that preserves the structure of the column-generation problem in the nodes of the branch-decision tree a n
Figure 2
The Two Possible Splittings of Singleton 77, (see Barnhart et al. 1998) . For the specific case of ACD, such a branching rule appears naturally if one thinks about the problem in the following terms. An ACD solution is uniquely defined by considering each node of degree 4 of G(TT) and stating that either ylt b^ and y2,b2 or ylfb2 and y2tbl are consecutive edge pairs in an alternating cycle of the solution, where ylty2 are the grey edges and &t , b2 are the black edges incident with the node. This observation is formalized by introducing the notion of splitting of a singleton, illustrated in Figure 2 . Modulo a few details, the branching rule above, along with the column-generation procedure described in the next section, define an effective B&P algorithm for ACD. Now the point is how to turn this algorithm into an algorithm for SBR. The main step in this direction is the very nice interpretation of the splitting of a singleton in terms of SBR. To this aim we have to define a relevant variant of SBR, called signed SBR (SSBR).
A signed permutation & is obtained by taking a permutation IT and signing each element irif replacing TT, by either TT, or -TT,, i.e., fff = ±w, for i = \,...,n. The reversal operation applied to ff has the effect of both inverting a subsequence from o", to cr; (as in the unsigned case) and flipping the signs of the elements in the subsequence, replacing <ri+l <rn) by
Given a signed permutation (7, SSBR calls for a shortest sequence of reversals transforming a into the (signed) identity permutation (12 ... n -I n). SSBR can be solved in O(n2) time (Hannenhalli and Pevzner 1999, Kaplan et al. 2000) and is in principle closer to the real-world genome rearrangement problem, in that genes have an orientation that can be represented by signs. Nevertheless, this orientation is unknown in many cases, and this motivates the interest for SBR.
In this context, we are interested in an intermediate problem between SBR and SSBR, hereafter called partially-signed SBR (PSSBR), in which only a fraction of the elements of the given permutation are signed, and the effect of a reversal is to flip the signs of the signed elements in the associated subsequence. PSSBR was studied in Hannenhalli and Pevzner (1996) by using some of the tools introduced in Hannenhalli and Pevzner (1999) for SSBR. Here we will consider partially-signed permutations obtained from the original permutation TT by signing (some of) its singletons. In particular, if all the singletons are signed, Hannenhalli and Pevzner (1996) have shown that the corresponding PSSBR instance can be solved in O(n2) time by using the algorithm of Kaplan et al. (2000) .
The key point of our approach is that we can associate with a PSSBR instance r, obtained by signing some of the singletons of TT, the breakpoint graph that is obtained from G(TT) by splitting the singletons that are signed. In other words, the natural branching rule for ACD defined by splitting a singleton corresponds to signing the singleton in the original SBR instance in the two possible ways. Moreover, it is easy to see that the enumeration of the PSSBR solutions over all signings of the singletons yields an optimal SBR solution. Hence, in the aforementioned B&P algorithm, the leaf nodes of the branch-decision tree correspond to the partially-signed permutations obtained by signing all the singletons of IT. Whereas the ACD solution for these instances is unique, and hence trivially determined, the solution of the corresponding PSSBR instances can be determined in O(n2) time.
We summarize the main skeleton of our B&P algorithm for SBR in Figure 3 . Note that many points are left unspecified, for instance the choice of the singleton to sign for branching and the selection of the next subproblem to consider. All these issues are addressed in Section 4. The computational bottleneck of the algorithm is the solution of the LP relaxations of ACD in each node of the branch-decision tree. In the next section, we will present an alternative LP relaxation that is in practice much faster to solve.
A crucial point for the effectiveness of the B&P algorithm is the tightness of the lower bound b(Tr) -
has to consider explicitly all the leaf nodes in the branch-decision tree corresponding to ACD solutions of value > b(7T) -d(ir). We stress that this never happened in our computational experiments, and the results in Caprara (1999a) justify this behavior.
A Better LP Relaxation
As discussed in Section 2, the column-generation problem for LP (1), (2), and (4) calls for an alternating cycle in G(TT) of weight <1, where weights are given by the current values of the dual variables. The problem is the same in the nodes of the branch-decision tree, with the only difference that the graph G(TT) is replaced by G(T). As already mentioned, this problem can be solved in polynomial time by min-cost matching, but the solution of these matching problems turns out to eat basically all of the overall computing time, even by using state-of-the-art codes for matching Cook and Rohe (1999) and by trying a number of heuristic procedures to identify positive reduced-cost variables before resorting to the use of these codes, as explained in the next section. To overcome this serious drawback, we came up with an alternative LP relaxation, which is described in this section. This relaxation has a wider set of variables and hence is weaker than the original one. However, the associated column-generation problem can be solved much faster by bipartite matching. Furthermore, we show that, even in the worst case, the lower bound provided by this new relaxation is not much worse than the previous one. 
The New LP Relaxation

d(ir) > \b(T) -c'(T)~\n begin
comment: the optimal PSSBR solution value for T may be better than the current d(ir) (otherwise the node is fathomed); generate two partially signed permutations TJ and T2 by giving a positive and a negative sign, respectively, to a singleton unsigned in T; Q:-QU{7,,r2}; end; end; until Q = 0; end.
Figure 3
Overview of the B&P Algorithm for SBR smaller surrogate alternating cycle. More precisely, a surrogate alternating cycle is a minimal sequence of edges bl,yl, b2, y2
In other words, condition (ii) in the definition of alternating cycle has been removed. By minimal we mean that the sequence of edges does not contain another surrogate alternating cycle as a subsequence. Note that alternating cycles are also surrogate alternating cycles. We call pseudo alternating cycle a surrogate alternating cycle that is not an alternating cycle, i.e., such that bi = fr. or y, = t/; for some 1 < i < j < m. An example of a pseudo alternating cycle is given in Figure 4 . Let y denote the set of surrogate alternating cycles of G(TT), and 2? := 5"\Sg be the set of pseudo alternating cycles of G(TT).
The new LP relaxation is the counterpart of (1), (2), and (4), where the set *% of alternating cycles is replaced by the set y of surrogate alternating cycles. In other words, the LP model reads
Pseudo Alternating Cycle C = 6,,y,, &2, yz. b3, y3, bs,y4, Where c =2and^,eC = 1 foree C\{b2] Vol. 13, No. 3, Summer 2001 m where, for each C e 3> and e e C, /ie/c is the number of times that edge e appears in the sequence defining surrogate alternating cycle C. Obviously, fie_c = 1 for each alternating cycle C and edge e € C, and, by definition, \LeC > 2 for at least one edge e in a pseudo alternating cycle C (in fact it is easy to show that fj.eiC < 2). This yields the following REMARK 1. In every integer solution of (5)- (7), xc -0 for all C e &.
Therefore, by solving LP (5)- (7) instead of (1), (2), and (4), the bounds obtained may be weaker, but if the optimal LP solution is integer then we have an optimal ACD solution. In other words, with the additional restriction that the variables must be binary, (5)- (7) yields an alternative ILP formulation of ACD. A characterization of the structure of the surrogate alternating cycles that may have the corresponding variable strictly positive in the optimal solution of LP (5)- (7) is given in the original technical report Caprara et al. (1999b) .
We conclude this subsection with some observations on the new LP relaxation that have interesting implications. First of ail, one may note that an alternative LP relaxation is obtained by replacing inequalities (6) by equations
As long as integrality constraints are imposed, having inequalities (6) or equations (8) is clearly the same, as discussed in Section 2. The next lemma shows that the same holds for the LP relaxations as well.
LEMMA I. Given any feasible solution x of(5)-(T) that does not satisfy some of (8), there is a feasible solution x*°f
(5X (8), and (7) such that xc ^ xc for all C ^ y and xc > *c for a* least one C e S^.
PROOF. Given x, a solution x* with the desired properties can be constructed as follows. Consider a node i incident with a black edge for which the associated constraint (8) is not satisfied. This implies that Xicea'to^c *s strictly smaller than 1 if i has degree 2, and smaller than 2 if i has degree 4, where Sf(z) denotes the set of surrogate alternating cycles visiting node i. Hence, the node is also incident with at least one grey edge for which constraint (8) is not satisfied. In other words, given x, the graph obtained from G{?7) by removing the edges for which (8) is satisfied is such that every node incident with a black edge is also incident with a grey edge and vice-versa. This guarantees that this graph contains at least one surrogate alternating cycle C, and the associated variable xc can be increased by a strictly positive value so as to keep all constraints (6) satisfied while satisfying at least one constraint (8) previously violated. Iterating this procedure yields the desired r*. a An immediate consequence of this lemma is the following THEOREM 3. The optimal solution value of LP relaxation (5)- (7) is equal to that of LP relaxation (5), (8), and (7).
One would say that in practice LP relaxation (5)- (7) should be used, because the LPs should be easier for the LP solver and the dual variables are nonnegative, which may turn out to speed up the convergence in the column-generation process (see Barnhart et al. 1998 ). On the other hand, using equality constraints Has the advantage thst one can k constraints in the LP, as we show now.~; 
is equivalent to LP relaxation (5), (8), and (7), in the sense that the set of feasible solutions of the two LPs coincide.
PROOF. Consider a solution x* of (5), (9), and (7). We show that constraints (8) associated with grey edges are satisfied by x*. Recall that there is no cycle in G(TT) formed by grey edges only, i.e., the grey edges form node-disjoint paths whose endpoints are nodes of degree 2 in G(ir) and whose intermediate nodes have degree 4. Consider one such path, say ylf... ,yp. We prove the claim by showing that constraints (8) associated with the edges in this path are satisfied. Let i be a node of degree 2 incident with edge y,. Due to constraint (9) associated with the black edge incident with i, one has that Eceff(r) xc = I/ where 3*(i) denotes the set of surrogate alternating cycles visiting node i, implying that £)cay, *c = *' *-e-' constraint INFORMS JOURNAL ON COMPUTING/Vol. 13, No. 3, Summer 2001 231 (8) is satisfied for edge yl. Now consider the node j incident with T/J and y2. As Hce^o') xc = 2, due to constraints (9), and £C3y|x£ = I/ we have £)C3y, xc -1-Iterating the argument shows that £C3y x*c = 1 for i = l,..., p. D Therefore, we work with LP (5), (9), and (7) within our implementation, as having half the number of constraints is far more advantageous than having inequalities instead of equations.
Column Generation by Bipartite Matching
The dual of (5), (9), and (7) has the form mn subject to (10) (11) where ue, e e 0, is unconstrained in sign. The associated column-generation problem requires finding, if any, a surrogate alternating cycle C & 3* such that ZLjeCns Mf.c u*e < 1 for a given w* vector. Call HeecneMe.c HJ me weight of C e S?. We next show how to solve this problem.
Construct (ira,/J, (;",/,)• Clearly, this sequence satisfies requirement (i) in the definition of surrogate alternating cycle and the overall weight of its edges is w < 1. Then, if the sequence is also minimal, it is a surrogate alternating cycle of G(TT) and the claim follows. Otherwise, the sequence contains two subsequences satisfying (i), at least one having weight <1. Iterating the procedure on such a subsequence eventually yields a surrogate alternating cycle of weight <1.
Conversely, consider a surrogate alternating cycle C of G(TT), corresponding to edge sequence b\,yi, :-,bm,ym = (iifji)l(jili2}/...f(imfj,a) , (im,il) . me minimality requirement guarantees that ih ^ ik for 1 < h < k < m. Hence, the corresponding sequence of arcs (ij, i'2),. --, (imt i\ is a dicycle of D(TT), whose weight is not larger than that of C by definition of
D(ir). a
We now describe how we check the existence of dicycles having weight <1 in D(TT). First of all, we introduce loops in D(?r), i.e., arcs of the form (i, i) for all i e V. The weight of the loops is initially set to 0, and a first Assignment Problem (AP) is solved on the distance matrix of D(TT), checking the existence of negative-weight dicycles in D(?r). The AP solution corresponds to a set of dicycles and loops of D(ir) such that each node is visited by exactly one dicycle or loop in the set, and the sum of the weights of the arcs in the dicycles and loops is a minimum. The problem coincides with the min-cost perfect matching problem on the complete bipartite graph having \V\s on each cost of edge (/,;') is equal to the weight of arc (i, j) if (i, ]) e A, to +00 otherwise (see e.g. Gerards 1995).
If negative-weight dicycles exist, some will be present in the AP solution when loop weights are set INFORMS JOURNAL ON COMPUTING/VOL 13, No. 3, Summer 2001 to 0 and we are done, by Theorem 5, as the corresponding surrogate alternating cycles of G(TT) have weight < 1 (in fact, it is easy to see how to get surrogate alternating cycles with negative weight).
If no negative-weight dicycle exists, the solution of the first AP corresponds to all the loops. Note that, provided an ACD solution is contained in the set of variables in the current LP, the "interesting" surrogate alternating cycles visit at least one node of degree 4, as possible surrogate alternating cycles visiting only nodes of degree 2 are already contained in the variable set. Therefore, we consider each node i of degree 4 in G(TT), in turn, set to -|-oo the weight of the corresponding loop in D(TT), and solve the AP for the new distance matrix. The new AP solution is formed by a minimum-weight dicycle in D(TT) visiting node i, and by loops. Hence, we get the minimum-weight sequence of edges in G(TT) visiting node i and satisfying (i). The weight of this sequence is <1 if and only if the minimum weight of a surrogate alternating cycle visiting i in G(TT) is <1. This latter AP need not be solved from scratch, since by starting from the solution of the first AP (with ail loop weights equal to 0), the computation of an augmenting path is sufficient (see Gerards 1995 for details) . Trying all the nodes of degree 4 in G(TT) guarantees finding, if any, a dicycle of D(:r) (and a surrogate alternating cycle of G(TT)) of weight < 1, thus solving the column-generation problem.
In Figure 6 we give a formal, pseudo-code description of the procedure above. By using efficient implementations of the Hungarian method (see e.g. Gerards 1995), one can solve the initial AP in time O(|V||A|log|^|), and each of the other APs by just one augmentation step, in time 0(1/11 log |V|). Noting that \A\ O(\V\) = O(n) due to the structure of D(TT), where in particular every i e V has at most 4 ingoing and outgoing arcs, one has the following THEOREM 6. The column-generation problem for LP (5), (9), and (7) can be solved in O(R2log«) time. Nevertheless, it is not the theoretical worst-case complexity but the much smaller time required in practice that determines the success of the procedure above with respect to a procedure to solve the columngeneration problem for LP (1), (2), and (4), based on the solution of a series of min-cost perfect matching problems on a nonbipartite graph ).
Worst-Case Comparison of the Old and New Lower Bounds
We now present a theoretical comparison of the lower bounds obtained by solving the old and new LP relaxations, motivated by the fact that these bounds turn out to be basically the same in practice. Let C*(TT) denote the optimal solution value of LP (1), (2), and (4), and C(TT) the optimal solution value of LP (5), (9), and (7). Clearly, C*(TT) < C(TT), i.e.
, \b(7r) -c'(TT)] is a better lower bound on d(Tr) than is \b(ir) -C(TT)]
. As we will see, there are examples in which C*(TT) = 1 and C(TT) = 0(n) for arbitrarily large n, implying that the worst-case ratio between C(TT) and c"(77) can be very ratio between the lower bounds on SBR is bounded by |, giving a partial theoretical explanation of empirical evidence. Hence, for the solution of (5), (9), and (7), say i,
Using (13) Graph GA (see Figure 7 for an illustration). (c^a,) and grey edge (&,-,<:,•), forming a triangle with a node in common with the main cycle. It is easy to verify that Gm is the breakpoint graph associated with permutation TT = (3m 3m -3 3m-6 ... 3i 3(f-l) ... 6 3 1 2 4 5 ... 3i-2 3i -l ... 3m -2 3m -I); see Caprara (1999b) for a simple procedure to recognize breakpoint graphs and derive an associated permutation. Clearly G(TT) contains only one alternating cycle, defined by all the edges, and therefore C(TJ-) = C*(TT) = I. On the other hand, consider the solution of LP (5), (9), and (7) where the variables corresponding to the following pseudo alternating cycles have value | (whereas the remaining variables have value 0): " («i,&i), (&i,c,), (Ci.ai), (alfx) , (x,y) , (y, O/ (am,bm), (bmrcm), (cm,am) , (am,y) , (y,x) , (x,«,) . It is immediate to verify that this solution is feasible for (5), (9), and (7). Furthermore, the value of this solution is y, implying C(TT) = C& > f (it would be easy to show that c(ir) = ^). Finally, b(7?) which gets arbitrarily close to | as m gets to infinity.
As already mentioned, this theorem gives a partial theoretical explanation of empirical evidence, namely that the old and new LP relaxations give essentially the same lower bounds in practice. A much more satisfactory explanation might probably be obtained by considering the expected (absolute or relative) gap between the two bounds for a (uniformly) random permutation, along the same line as the results presented in Caprara (1999a) . However, such a result is likely to require a very complex analysis.
Implementation Issues
In this section we illustrate the other main features of our B&P algorithm. Some of them represent points that were left open in the previous sections, such as the selection of the singleton to split for branching, whereas others are relevant improvements to the main scheme, such as the diving heuristic.
Branching Choice and Subproblem Selection
The criterion for selecting the next subproblem to consiuer is u£si-jti'St. iMarnety, eacn time we oiai'icn oy generating two partially signed permutations TL , r2 from the current partially signed permutation T, we associate with TJ and r2 the LP lower bound computed for T. Then, among the partially signed permutations still to consider, we select the one for which the associated lower bound is smallest.
We already mentioned in Section 2 that we branch by splitting singletons. The choice of the singleton to be split is based on the optimal solution x* of LP (5), (9), and (7). We say that a surrogate alternating cycle C is removed by splitting a node if C has no counterpart in the graph obtained after the splitting, that C is kept otherwise. Let i be a still-unsplit singleton of TT. First of all, letting S>, denote the set of the pseudo alternating cycles containing exactly three edges incident with node i, note that all the cycles in £?, will be removed by splitting i in both ways. Let a, b be the two grey edges incident with /', let c, d be the black edges incident with i, and consider the set of surrogate alternating cycles (excluding the cycles in <?,-) that contain edge a but not edge b (clearly, some of these cycles will be removed by splitting i). This set is partitioned into the set *%c(i) of the cycles containing edge c and the set ^>j(0 of cycles containing edge d. Splitting i removes the cycles in %(0 in one subproblem and the cycles in ^(0 in the other. Accordingly, if both £c€<*e(ou9>. x*c and Ece^ouff, xc are "large", we can hope for a lower bound increase for both subproblems, as we are fixing to 0 variables whose sum is "large".
Based on the above considerations, we branch by splitting the singleton i such that Ece^di^tou^w xc is largest, breaking ties by in favor of the singleton i for which the absolute value of the difference £ce^<i)*C -Ece^O^C is smallestNote that, in principle, x* may be integer, of value c(r), and we may have to branch as an SBR solution of value b(r) -c(r) is not available (even if this typically does not happen in practice). In this case, we branch by splitting an arbitrary singleton.
Diving Heuristic
In practice, finding a near-optimal solution of ACD (and SBR) seems to be a hard task, probably due original implementation, at every node of the branchdecision tree we computed an ACD solution (and an associated SBR one) by signing the singletons in a greedy way based on the LP solution, as we describe in the next subsection. For large-size instances, when very few singletons are signed, the LP solution tends to be widely fractional, and the associated greedy solution is typically not very good. Therefore, for these instances, the following more time-consuming diving heuristic is applied every K nodes of the branch-decision tree, where K is set to w/4 in our implementation.
We solve the LP relaxation, obtaining solution x*. fix to 1 all variables xc with x^ = I as well as the fractional variable closest to 1 corresponding to an alternating cycle (i.e., not to a pseudo alternating cycle), solve again the LP, and so on, until an integer solution is found. Note that fixing a variable xc to 1 corresponds to splitting all the singletons visited by cycle C so as to keep C. This diving heuristic yields nearoptimal solutions in most cases, as shown in the next section.
Greedy Heuristic
As mentioned in the previous subsection, we apply a fast greedy heuristic to each subproblem explored in the B&P algorithm. Given the optimal solution x" of LP (5), (9), and (7), we consider the set jV [ C,,..., Q} of alternating cycles C such that x*c > 0. As long as ^ ^ 0, we iteratively consider the cycle C € JV for which x*c is maximum, split the singletons visited by C so as to keep C, and remove from J\f cycle C and all the cycles having some edges in common with C. If some singletons are still unspiit at the end of this procedure, we split them in an arbitrary way (typically this does not happen). This approach yields good ACD solutions when the number of unspiit singletons for the subproblem is not very large (say not larger than 100). This ACD solution is improved by considering each singleton, in turn, and testing if flipping only the sign assigned to this singleton yields a better solution, until no flipping yields an improvement (i.e., we have a local optimum). In order to get a heuristic SBR solution from an ACD one, we simply solve to optimality the PSSBR instance obtained by splitting.
We note that the variant of the above procedure in which the cycle C 6 JV with highest x*c is kept with probability x*c, and simply removed from TV otherwise, systematically yields worse results.
Greedy Column Generation
Although much faster than the column-generation approach based on general (nonbipatite) matching, the column-generation approach of Section 3 remains one of the bottlenecks of the B&P algorithm, together with the solution of LPs. In order to avoid solving an AP at every iteration of the column-generation process, we apply the following greedy heuristic in the hope of finding dicycles of weight < 1 in D(TT).
We apply breadth-first search in D(77) = (V, A) starting from a node i corresponding to a singleton of TT and defining S0 := {/}. We consider the set of nodes Sl = \ e V : (i,;') e A] and assign to each node / e Si the label €;-:= w(l-j), where wa denotes the weight of arc a e A. If (/, f) € A for some / € ^ and t^ + w^A < I/ we add the surrogate alternating cycle corresponding to dicycle (/,/), (;", i) to our list 3" of surrogate alternating cycles of weight < 1. Then, we consider
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INFORMS IOURNAL ON COMPUTING/Vol. 13, No. 3, Summer 2001 the set of nodes S2 := {;' e V : (k,;') e A for some k ê i 1 \o u Si)/ and assign to each node / e S2 the label tj := €jt(j) -I-w(k(^^, where fc(/) is an (arbitrarily chosen) node in Sj such that (£(;'),/) e A If (/, f) € f or some ;' e S2 and tj + zf(/il) < 1, we add to 9" the surrogate alternating cycle corresponding to dicycle 0"/*0'))'(*(/)'/)' (/' 0 to ^-T^6 procedure is iterated defining sets S3, S4,..., until all nodes have been labeled.
The procedure above is applied starting with each singleton, checking if a cycle is already contained in & before adding it to 5F, and terminating if the number of cycles in SF is equal to a parameter W, set to b(?r) in our implementation, so as to avoid adding too many variables to the current LP.
Dynamic Pricing Out of Variables in the LP
As anticipated in the previous subsection, besides column generation the bottleneck of the B&P algorithm is the solution of LPs by the LP solver. As it is often the case within column-generation schemes, many of the variables that are generated turn out at some point to have value 0 in the LP and keep this value until optimality is reached. As the LP solution time is affected by the number of variables even if these keep the value 0, and the number of variables generated throughout the procedure may be quite large, it would be convenient to remove these "useless" variables as soon as possible. Classical schemes (Barnhart et al. 1998) tend to remove LP variables whose reduced cost is above a certain threshold. This approach does not work in our case, as the high dual degeneracy has the effect that all the nonbasic variables have typically a very negative reduced cost, and hence for any reasonable threshold the effect would be to remove all the nonbasic variables. Instead, we simply keep in the LP the R x £(77) variables with largest reduced cost (R = 2 in our implementation), as well as all the variables with reduced cost > C (C = -0.01 in our implementation), and remove the remaining variables.
Experimental Results
In this section we present the experimental results that we carried out to testify the effectiveness of our algorithm. We tested both real-world and randomly generated instances from the literature.
This section is organized as follows. We first illustrate the improvements obtained, respectively, by using LP relaxation (5), (9), and (7) in place of (1), (2), and (4), and by some of the algorithm enhancements described in Section 4. Then, we illustrate the results obtained by our algorithm on randomly generated instances, namely random permutations and permutations obtained by applying random reversals to the identity permutation. By random permutation we mean a permutation chosen with uniform probability among the n\s with n elements. Analogously, by random reversal we mean a reversal chosen with uniform probability. Finally, we report the optimal solution of real-world instances of the problem.
Our algorithm was coded in C and run on a Digital Ultimate Workstation 500 MHz, which is approximately 2-3 times faster than a PC Pentium 350 MHz. All times reported in this section are expressed in CPU seconds on this machine. The LP solver used is CPLEX 6.0. The solution of the assignment problems in the column-generation phase was carried out using a C implementation of the Hungarian method (see e.g. Gerards 1995) along the same lines as the FORTRAN one by Carpaneto et al. (1988) , adapted so as to take care of the sparsity of the cost matrix. The min-cost perfect matching code used for the solution of LP (1), (2), and (4) is by Cook and Rohe (1999) , which appears to be the fastest code publicly available (see Caprara et al. 1999b for the results obtained by using other codes previously available). Table 1 reports the results obtained by solving instances associated with random permutations with our algorithm and with a variant that uses LP relaxation (1), (2), and (4), solving min-cost (nonbipartite) perfect matching problems in the column generation phase as illustrated in Caprara et al. (1999a) .
Improvements With the New LP Relaxation
We solved instances up to size 200. For each value of n, we report average values over 10 instances. For the variant (column old LP) we report the number of instances solved to proven optimality within a time limit of 1 hour (# solved), the solution time (time), the time spent in the solution of matching problems for column generation (match time), the average number of nodes considered in the branch-decision tree (# nodes) and the time spent in the root node (root time), mainly for the solution of the LP relaxation. For our algorithm (column new LP) we give the same information, in particular column AP time reports the time spent in the solution of assignment problems for column generation. Finally, we report the average ratios between the old and new LP relaxation values, before rounding up these values. (After rounding up, the lower bound values provided by these two LP relaxations turned out to be always the same for all 80 instances tried.) Finally, we give in column speedup the speed-up factor achieved by using the new LP relaxation instead of the old one for the solution of the LP at the root node. Table 1 shows the clear improvement in running time (almost two orders of magnitude for n > 100) achieved by using the new LP relaxation, whose lower bound value is essentially the same as that of the old LP relaxation, showing that the worst-case ratio of 0.75 is very pessimistic.
Improvements With the Algorithm Enhancements
In Table 2 we illustrate the improvements obtained by some of the enhancements described in Section 4. In particular, we compare the complete version of our algorithm, whose running time is reported in column compi, with versions in which, respectively, the diving heuristic was deactivated (column no OH), the greedy column-generation procedure was deactivated (no GCG), and the dynamic pricing out of the variables was deactivated (no DPO). We solved instances associated with random permutations with up to 200 elements imposing a time limit of 1 hour. For each version, we report the number of instances solved out of 10 within the time limit (# solved), the running time (time) and the speed-up factor achieved by the corn- instances with n up to 200. We note that real-world instances typically have a smaller number of elements (see also the next subsection), and hence we expect our algorithm to be able to solve them to proven optimality within small computing time.
From Table 3 , one can note that the average computing time over the 10 instances is quite different from the maximum computing time. This is typical behavior of enumerative algorithms for hard problems, namely there may be a large difference in the time required to solve two instances of the same size generated in the same way.
We also tried to tackle larger instances by applying our diving heuristic algorithm. The results are given in Table 4 , where the columns have the same meaning as in Table 3 , with the exception of column final gap, which reports the average (maximum) percentage gap between the solution found and the LP lower bound. Table 4 shows that even for instances with n = 1000 the heuristic consistently finds solutions within 2% of the optimum. The results in Section 3 prove that the heuristic has polynomial time complexity. Moreover, the table indicates that the actual running time is stable for different instances (i.e., the maximum and the average values are quite close to each other). Empirically, we have estimated the running time to be proportional to n4. In Figure 9 we compare the graph of the function an* and the plot of the actual average running times. Surprisingly, one can see that the two graphs are extremely close to each other. Note that the time spent for the first LP relaxation, given in column root time, is not as stable as the overall time for the heuristic. Tables 3 and 4 , one may note that the percentage LP time decreases with n while the percentage AP time increases with n. Overall, the sum of the two percentages seems to be asymptotically roughly equal to 85% for the exact algorithm and 67% for the heuristic.
Looking at
We also solved instances obtained by using a generator by John Kececioglu that was made available at the time of the DIMACS Challenge. This generator starts from the identity permutation and applies random reversals to it.
We generated our instances by applying kn random reversals with k = 1/8,1/4,1/2,1,2,4,8. In Table 5 we report the results of our exact algorithm for n up to 200. In particular, for each value of n, the table gives the average solution value, the number of instances solved to optimality (within 1 hour) and the average computing time out of 10 instances.
The table shows that the permutations obtained from the generator are essentially random permutations for k > 2. For smaller k, the average reversal distance is smaller than for random permutations and the associated instances can be solved extremely quickly. In particular, instances with n = 200 are solved within 1 minute for k = 1 and within 1 second for k = 1/2.
Results for Real-World Instances
We tested our algorithm on the largest real-world instances that we could find, which are obtained by comparing the genomes of man and mouse, and were kindly provided to us by Sridhar HannenhalH (1997). The input is a partially signed permutation, meaning that the orientation of only some of the genes (namely, 47 out of 138} is known. From this input we derived two instances, the first by ignoring the signs of the elements and the second by considering the actual partially signed permutation. Table 6 illustrates the results of our algorithm on the two instances. The columns given in the table have the same meaning as the columns in Table 3 . In particular, the minimum number of reversals is 106 if signs are ignored and 118 if they are taken into account. To our knowledge, our algorithm is the first one capable of finding a provably optimal solution for these two instances. Moreover, we obtained from Mathieu Blanchette (1999) a number of smaller size permutations associated with mitochondrial genomes. The size of these permutations is much smaller than the man-mouse one above, namely each permutation has 37 elements. We used our code to compute the distances between each pair of permutations, reported in Table 7 , where we also report the scientific name of each species associated with the 20 genomes. The overall time for computing the whole table was 4.5 seconds, i.e., an average of about 0.025 seconds per genome pair. This shows that the reversal distance for permutations of this size can be computed very quickly, and therefore one may afford computing several times this distance within algorithms that try to reconstruct evolutionary trees (see e.g. Sankoff et al. 1996) . Note that the table contains a few entries equal to 0, corresponding to pairs of species with the same arrangement of genes along the mitochondrial DNA.
